On the definition of the A mass and width 
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In the framework of effective field theory we show that, at two-loop order, the mass and width 
of the A resonance defined via the (relativistic) Breit-Wigner parametrization both depend on the 
choice of field variables. In contrast, the complex-valued position of the pole of the propagator is 
independent of this choice. 
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The problem of denning masses of unstable particles 
has a long history. A popular definition corresponding 
to a (relativistic) Breit-Wigner formula makes use of the 
zero of the real part of the inverse propagator to identify 
the mass. The field-redefinition dependence of such a 
definition was shown in Refs. 0, 0| in the scalar sector of 
the Standard Model. Another important example is the 
definition of the Z-boson mass. The gauge-parameter 
dependence of the Breit-Wigner mass starting at two- 
loop order was shown in Refs. 0, 0, I* 1 contrast, 
defining the mass and width in terms of the complex- 
valued position of the pole of the propagator leads to both 
field-redefinition and gauge-parameter independence [g, 

It was noted in Ref. [5(] that, as there is no fundamental 
theory of baryon resonances, the issue of field-redefinition 
invariance and gauge-parameter (in)dependence does not 
arise for unstable particles of this kind. As these res- 
onances are thought to be described by QCD, with 
the progress of lattice techniques and, especially, the 
low-energy effective theories (EFT) of QCD (see, e.g., 
11, [13, O, 14, 15, HH, 17 1 and references therein) the 



question of defining resonance masses becomes impor- 
tant. In this letter we examine this issue for the A 
resonance. As discussed in Ref. (lij |. the conventional 
resonance mass and width determined from generalized 
Breit-Wigner formulas have problems regarding their re- 
lation to S-matrix theory and suffer from a strong model 
dependence. Here, we will show that these parameters, 
in addition, depend on the field-redefinition parameter in 
a low-energy EFT of QCD. 

For simplicity we ignore isospin and consider an EFT 
of a single nucleon, pion, and A resonance. Defining 



A. 



the free Lagrangian is given by 



Co = V A M „ V + *(t 9 - m N )V + - d^n . (1) 



Here, the vector-spinor ^ describes the A in the Rarita- 
Schwinger formalism [l9(, stands for the nucleon field 
with mass TO/v, and n represents the pion field which 



we take massless to simplify the calculations. The most 
general (free) Rarita-Schwinger Lagrangian contains an 
arbitrary parameter A. In a consistent theory having the 
right number of degrees of freedom, physical observables 
do not depend on A [20| and we have chosen a convenient 
value, namely A = — 1. We consider the interaction terms 
of the form 



i * + H.c. 



(2) 



where the ellipsis refers to an infinite number of interac- 
tion terms which are present in the EFT. These terms 
also include all counter-terms which take care of diver- 
gences appearing in our calculations. The consistency of 
the interaction terms with the constraints of the spin- 
3/2 system fixes the value of the parameter z to — 1 for 



A = — 1 3, 21 1 . Throughout this paper we use dimen- 
sional regularization. Although our results are renor- 
malization scheme independent^ for simplicity we use the 
minimal subtraction scheme [22]. It is implemented by 
subtracting the divergent parts of one- and two-loop di- 
agrams using the standard procedure [23] ]. 
Let us consider the field transformation 

V^-n^+^fl"^*, ip v ^ip" +^d v n^, (3) 

where £ is an arbitrary real parameter. When inserted 
into the Lagrangians of Eqs. (JTJ) and |2]), the field redefi- 
nition generates additional interaction terms. The terms 
linear in £ are given by 

£add int = £ d»TT * A^ 8" 7T ^ A^ * . (4) 

Note that the contribution generated from the expression 
explicitly shown in Eq. ([2]) vanishes identically. Because 
of the equivalence theorem physical quantities cannot de- 
pend on the field redefinition parameter £. Below we 
demonstrate that the complex- valued position of the pole 
of the A propagator does not depend on £. In contrast, 
the mass and width defined via (the zero of) the real and 
imaginary parts of the inverse propagator depend on £ at 
two-loop order. 

The dressed propagator of the A in n space-time di- 
mensions can be written as 1|1 24 1 

p^7 ! 
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pole-free terms , 



-tua - Si -j^Se 
where we parameterized the self-energy of the A as 



(5) 



+e 5 (p 2 W + £ 6 (p 2 W + s 7 (p 2 



+^{ P 2 )j> P »Y + £ 9 (p 2 )# 7 V + £io(p 2 )*W- (6) 

The complex pole z of the A propagator is obtained by 
solving the equation 



toa - Si(z 2 ) - zE 6 (z 2 



0. 



(7) 



The pole mass is defined as the real part of z. 

On the other hand, the mass ttir and width T of the A 
resonance are often determined from the real and imag- 
inary parts of the inverse propagator (corresponding to 
the Breit-Wigner parametrization) , i.e., 

ran — m A — Re Si(m^) — rriR Re Y,Q{rn 2 R ) = , 
r = -2ImS 1 (m|) -2m R Im'E 6 (m R ) . (8) 

Below we calculate the A mass using both definitions and 
analyze their £ dependence to first order. 

The A self-energy at one loop-order is given by the 
diagram in Fig. [1] (a). The corresponding results for Si 
and Eg read 



: (a) 



-g 2 m N h - 2£g [(p 2 - m A m N ) h + p 2 J\] , 

-g 2 (h + Ji) + 2£ff [m A Ji + (to a - m N ) I{\ , 

(9) 



where Ii, J\ are defined through the one-loop integrals 



rap jot-fil 



id n k 



k a k f3 ,k a k /3 k~< 



(2tt)" [ fc 2 + ^ o^ 
which we parameterize as 



(p + ky 



N 



The two-loop contributions to the A self-energy are 
given in Fig. [T] (b) - (d). We are interested in terms 
linear in £. Calculating diagram (b) and (c) we find that 
they give vanishing contributions. The result of diagram 
(d), linear in £, can be reduced to the form 



m 2 N I 2 +p 2 {h + .hY 



Ag*Z,m N h{h + Ji) 



(10) 



Note that the vanishing of the contributions of dia- 
grams (b) and (c) as well as the simple expression of 
Eq. (jTOJ) have to be attributed to the special choice of 
the field transformation of Eq. §5§ . 



(b) 



(<=) 



(d) 



FIG. 1: A self-energy diagrams. Solid, dashed, and double 
lines correspond to nucleon, pion, and A, respectively. 



To find the pole of the propagator we insert its loop 
expansion 



z = tua + Siz + 6 2 z + 



(11) 



in Eq. ([7]) and solve the resulting equation order by order. 
Using Eq. © we obtain for the one-loop result 



Szi 



-g 2 [mA Ji + (toa + m N ) I -A , 



Jl — Jl| p 2 =m 2 



^1 — Il\p2=m 2 



(12) 



The contribution to the two- loop expression 8z 2 , linear 
in £, generated by the one-loop diagram reads 

Sz^ 1L = 2g 3 £ [m A Ji + (toa + rn N ) h] 2 . (13) 
For the genuine two-loop contribution to Sz 2 we have 

S 4,2L = ~ 2 9 3 £ [m A Ji + (m A +mjv)Ii] 2 • (14) 

These two contributions exactly cancel each other leading 
to the ^-independent pole of the propagator. 

We perform the same analysis inserting the loop ex- 
pansion of ran, 

mji = toa + Sim + S 2 m + ■ • ■ , (15) 

in Eq. ([5]). For bm\ we obtain 

Smi — —g 2 [toaRc Ji + (toa + ttln) Re/i] . (16) 

The contribution to 8m 2 generated by the one-loop dia- 
gram reads 

bm\ 1L = 2g 3 £ [m A Re Ji + (to a + m N ) Re Ji] 2 . (17) 

For the two-loop contribution to Sm 2 we have 

Sm,2 2L — — 2 g 3 £Re [toa=/i + (toa + m^) Ji] 2 . (18) 

For an unstable A resonance I± and J\ have imaginary 
parts and therefore Eqs. (JT7J) and (TT8"|) do not cancel each 
other, thus leading to a ^-dependent mass tur. An anal- 
ogous result holds for the width T obtained from Eq. ([H]). 

To conclude, we addressed the issue of defining the 
mass and width of the A resonance in the framework 



3 



of a low-energy EFT of QCD. In general, the scattering 
amplitude of a resonant channel can be presented as a 
sum of the resonant contribution expressed in terms of 
the dressed propagator of the resonance and the back- 
ground contribution. The resonant contribution defines 
the Breit-Wigner parameters through the real and imag- 
inary parts of the inverse (dressed) propagator. The res- 
onant part and the background separately depend on the 
chosen field variables, while the sum is of course inde- 
pendent of this choice. We have performed a particular 
field transformation with an arbitrary parameter £ in the 
effective Lagrangian. In a two-loop calculation we have 
demonstrated that the mass and width of the A reso- 
nance determined from the real and imaginary parts of 
the inverse propagator depend on the choice of field vari- 
ables. On the other hand, the complex pole of the full 
propagator does not depend on the field transformation 
parameter £. 

Note that according to general theorems 2^, 21, 2H 
it is expected that in quantum field theories the S'-matrix 
is independent of field redefinitions (change of variables). 
The pole of the A propagator corresponds to the pole 
of the iS-matrix. The Laurent-series expansion of the S- 
matrix around this pole has to be independent of the 
field redefinition term-by-term. Therefore the pole of the 
A propagator is expected to be independent of the field 
redefinition. 

The conclusions from this work are not restricted to 
the considered toy model or EFT in general. Rather, our 
results are a manifestation of the general feature that 
the (relativistic) Breit-Wigner parametrization leads to 
model- and process-dependent masses and widths of res- 
onances. Although in some cases (like the A resonance) 
the background has small numerical effect on the Breit- 
Wigner mass, still the pole mass and the width should 
be considered preferable as these are free of conceptual 
ambiguities. This agrees with and supports the recent 
results of Ref. 0. 
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